Functional quantum theory of free Fermi fields is treated for the special case of a free Dirac field. All other cases run on the same pattern. Starting with the Schwinger functionals of the free Dirac field, functional equations and corresponding many particle functionals can be derived. To establish a functional quantum theory, a physical interpretation of the functionals is required. It is provided by a mapping of the physical Hilbert space into an appropriate functional Hilbert space, which is introduced here. Mathematical details, especially the problems connected with anticommuting functional sources are treated in the appendices.
Functional Quantum Theory of Free Relativistic Fermi Fields

H.STUMPF
Institut für Theoretische Physik der Universität Tübingen (Z. Naturforsch. 25 a, 575-586 [1970] ; received 20 February 1970) Functional quantum theory of free Fermi fields is treated for the special case of a free Dirac field. All other cases run on the same pattern. Starting with the Schwinger functionals of the free Dirac field, functional equations and corresponding many particle functionals can be derived. To establish a functional quantum theory, a physical interpretation of the functionals is required. It is provided by a mapping of the physical Hilbert space into an appropriate functional Hilbert space, which is introduced here. Mathematical details, especially the problems connected with anticommuting functional sources are treated in the appendices.
The operator equations of quantum field theory can be replaced formally by functional equations of corresponding Schwinger functionals 1_3 . To give this formalism a physical and mathematical meaning one has to develop a complete functional quantum theory as has been proposed in preceding papers 4 ' 5 . Then the complete physical information has to be given by functional operations only. In this paper this program is realized for free relativistic Fermi fields. This treatment is of physical as well as of mathematical interest. Mathematically it requires a thorough investigation of anticommuting sources, which has not been given so far. Physically it is required for the functional 5-matrix construction of interacting fields, as commonly is assumed that these fields contain asymptotic free particle states which have to be described by functionals, too. In order to give a detailed treatment, we discuss a special case of free relativistic Fermi fields, namely the Dirac field. But the discussion shows that an application to other types of Fermi fields is quite obvious. To separate the essentials from mathematical details, the latter ones are treated in the appendices. Throughout this article h = c = 1 is used.
Fundamentals
For the discussion of free relativistic Fermi fields we consider the special case of Dirac fields. Dirac fields can be formulated by Hermitean field operators 6 . By the use of these operators functional cal- the field equations read
where the quantities occurring in (1.1) are defined in Appendix I. The anticommutation relations for the quantized field are
For (1.1) (1.2) a representation space can be constructed containing all many particle states of an arbitrary number of free relativistic Dirac particles with mass m. We assume a) to be a state in this space. If necessary | a) can be specified further by its set of quantum numbers.
Of fundamental interest are the transformation properties of the field operators. By invariance requirements they transform according the law
where (a, b) are the transformation operators of a Poincare transformation in ordinary Lorentz space, D means a representation of (a, b) in classical spinor space, and U a representation of (a, b) in physical Hilbert space.
For the functional description we introduce spinorial source operators j 2 (x) and corresponding operators of functional differentiation d$ (x) satis-fying the anticommutation relations
The transformation properties of these operators are assumed to be
where V means a representation of (a, b) in the corresponding functional space. A detailed discussion is given in Appendix II.
Then the generating Schwinger functional is defined by
where (0 is the physical vacuum state. Observing the transformation properties of fields (1.3) and sources (1.4) it follows that %(j) transforms under Poincare transformations like an invariant opera-
To define the functional representation space completely, a functional vacuum state j<p0) has to be introduced. Then
transforms like a functional state and for j Z(j, a) ) the functional equation
can be derived, see Appendix III. It should be emphasized that this derivation is possible only for the states (1.8) but not for the operators. So the definition of the functional vacuum state is an important step.
Eigenstate Functionals
Defining by k the maximal set of quantum numbers for the quantum mechanical one particle solu- 
kn)) .
But a shorter procedure is the calculation by means of the functional equation (1.9). To do this we make the general ansatz
Then by elementary transformation of (1.9) an equation for ' &(/') ) can be derived:
Assuming now F to be a solution of
follows. Denoting by jß(x\k) the quantum mechanical one particle solutions of the Dirac-equation (1.1) a solution of (2.4) is given by
This can be verified by elementary calculus. As in (2.5) the quantum numbers kx... kn occur, it is obvious to put
The final proof that (2.6) is valid can be given by means of subsidiary conditions. Due to the group theoretical structure of quantum theory any quantum number is connected with the diagonalization of an infinitesimal operator of the corresponding symmetry group. For these operators a representation in functional space can be given, too 7 . In consequence any quantum number definition in physical Hilbert space by means of infinitesimal operators can be transferred in functional space leading there to the socalled subsidiary conditions. As for this statements we refer to 7 we do not give here a detailed treatment. We only state that by means of these conditions (2.6) can be justified.
Functional Orthonormalization
In order to derive a functional quantum theory it is necessary to define a mapping of the physical Hilbert space into functional space, and to obtain by this way a physical interpretation of functional states. To do this we introduce a functional scalar product and examine its effect on state functionals of type (2.6). In analogy to the treatment of the harmonic oscillator functionals 8 we define the weighted functional scalar product by
where F is the twopoint function of Sect. 2, while G is a general weighting function which will be fixed later. Observing (11.19), (11.34), and (2.6) we obtain from (3.1)
As the functions fß(x\k)
are real functions, they are reproduced by complex conjugation in the adjoint functional {%{]) \ leading thus to (3.3). Using the summation convention of Appendix II evaluation of (3.3) acording to (11.45) gives
For the effective calculation of (3.4) it is necesboth suggested by the current expression of Appensary to fix the weighting function G. We make the dix I. As (3.5), (3.6) are Poincare forminvariant ansatz quantities, it is sufficient to evaluate (3.4) in a spe-
In this frame of reference (3.5) becomes and (11.43) . By the special choice of G (3.5), (3.6), resp. (3.7), (3.8) a straightforward and exact calculation of these functions is possible. We give its result for the rest frame (3.7), (3.8)
For (3.4) the following combinations are required
(3.14)
Substitution of (3.11), (3.13) into (3.4) gives then
Now it is according to (1.39), (1.40)
if the function bx (x0) is properly normalized. But this can be achieved by an appropriate choice of /(x0) appearing in (3.10). Therefore the orthonormality relations
follow directly from (3.15) by observing (3.16).
Localized Free Fields
Besides the free particle states with definite four momentum, also a description of localized wave packets is needed for the purpose of 5-matrix construction. Dividing the quantum numbers k of the maximal set of Sect. 2 into the four momentum quantum numbers p : = (p, p0) and the additional quantum numbers sa like spin, charge etc. an explicit representation of the corresponding states (with definite four momentum) is given by and the definition of the corresponding functional states (1.6) we obtain by combination of (4.6) and (1.6) the localized state functionals
By k : = (f, s) the orthonormality relation (3.17) can be specified, to give the orthonormality relation (J 23) in accordance with the transformation law of a double contravariant tensor. The simultaneous validity of (1.23) and (1.15) both containing 7 0 is no contradiction, as the same phenomenon occurs in ordinary Dirac theory.
The metrical fundamental tensor can be used to raise resp. to lower the indices. Especially 
As b can varied arbitrarily we may have with / G{b) d6 = 1 The operator transformation law is for ordinary Dirac operators
and in Hermitean operators
For simplicity we replace the double indices ßQ by only one index in the following calculations as long as no misunderstanding is possible. Then we obtain the Eqs. (1.1), (1.2), (1.3).
Appendix II
Formally we introduced anticommuting sources
an d corresponding functional derivatives 3Wa(x) for Hermitean field operators defined in (1.44). Like in Appendix I we replace the double indices n a by only one index in the following calculations as long as no misunderstanding is possible. Before discussing the existence of these operators we write down the conditions which they should satisfy. These are the Poincare invariant anticommutation rules
together with the transformation law
for Poincare transformation {a, b) where V is a representation in functional space, and
are defined in accordance with (1.24). It can be shown easily that (II.2) effects the invariance of (II.1). Therefore (II.2) and (II.1) are consistent conditions.
To prove the existence of j and 3 we show that this problem can be reduced to the existence problem of ordinary creation and destruction operators of free relativistic fields. To do this we make the ansatz ja(x) = 2 f ca(p I *) e ipx a~ (p) dp , (II.4) x where the integration runs over the entire Lorentz space. (II.4) can be divided into invariant subspace integrations /'«(*)= 2 [M {p\x) e ipx c4 + (p) dp 
where a {p, m) resp. a (p, ju) are creation operators of ordinary free relativistic fields of mass m, resp. i ff. For these operators the transformation law
is valid, and therefore substitution of (11.11) into (II .9) As the sign of ( -l) p ' is fixed by the orignal arrangement ... Xn, any change in the variables , A2->A3,... is connected with a change in sign. Observing this, (II.7) can be rearranged to give (III.ll) Combination of (II.1) with (II.9) then gives after elementary operations the desired functional equation
(*> Gi 3m + rn%) dß(x) \%(j)) = -i°G ß ajß(x)\Z(j))
. (111.12) 
